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EXPECTED LEARNING OUTCOMES 

 Understanding the concept and purpose of transformation in geodesy.

 Exploring datum transformations, which are used to convert coordinates from one datum to 

another. 

 Understanding the properties and applications of similarity transformation models in 

geodesy. 

 Understanding the importance of datum transformation in geodetic surveys, cartography, 

and spatial data integration.

 Exploring the challenges and considerations involved in datum transformations, such as 

accuracy, distortion, and coordinate system compatibility.
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WHAT IS TRANSFORMATION?
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WHAT IS TRANSFORMATION?
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 Three-dimensional (3D) conformal transformations, also known as similarity transformations 

(since conformal transformations preserve shape and angles between vectors in space remain 

unchanged) are commonly used in surveying, photogrammetry and geodesy.

 For instance, in engineering surveying applications 3D transformations are used measure 

objects (e.g., sections of elevated roadways) off-site before they are moved on-site to make sure 

they will fit with existing construction, and in tunnelling operations, 3D transformations are 

used to control the direction and orientation of tunnel boring machines. 
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 In photogrammetry they are used in the (interior and exterior) orientation of digital images of 

structures and aerial photographs. 

 In geodesy, the main thrust of this paper, 3D transformations are used to convert coordinates 

related to one geodetic datum to another, and this operation is commonly known as datum 

transformation. 

 In such applications, the rotations between the two 3D coordinate axes are small (usually less 

than 1 second of arc) and certain approximations are used to simplify rotation matrices.



WHAT IS TRANSFORMATION?

 These simplified matrices are a common feature of the Bursa–Wolf and the Molodensky–

Badekas transformations. 

 The names of the two transformations are an acknowledgement to the authors M. Bursa 

(1962), H. Wolf (1963), M.S. Molodensky et al. (1962) and J. Badekas (1969) of technical 

papers and reports on transformation methods related to the orientation of reference 

ellipsoids and 3D geodetic networks. 
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WHAT IS TRANSFORMATION?

 3D conformal transformations are often given in the form: - 

𝑋
𝑌
𝑍 2

= 𝑠. 𝑅𝑍𝑌𝑋

𝑋
𝑌
𝑍 1

+

𝑡𝑋

𝑡𝑌

𝑡𝑍

  (1)

 The subscripts  1 and  2 
refer to the 𝑋, 𝑌, 𝑍 Cartesian coordinates of systems 1 and 2 

respectively. 𝑠 is a scale factor, 𝑅𝑍𝑌𝑋 is a 3 × 3 rotation matrix (the product of rotations 

𝑟𝑋, 𝑟𝑌, 𝑟𝑍 about the coordinate axes) and 𝑡𝑋, 𝑡𝑌, 𝑡𝑍 are translations between the origins of the two 

systems measured in the directions of the system 2 coordinate axes.
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TRANSFORMATION MODELS 
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MATHEMATICAL NOTATIONS

 Consider two systems: Satellite Doppler coordinate system 

[𝑋𝐷, 𝑌𝐷, 𝑍𝐷] , and Geodetic coordinate system  [𝑋𝐺 , 𝑌𝐺 , 𝑍𝐺]

  The determined three-dimensional satellite Doppler 

coordinates are assumed to be the average terrestrial 

system. Also consider the geodetic system as the reference 

frame of the terrestrial network.
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(1) BURSA TRANSFORMATION MODEL
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(1) BURSA TRANSFORMATION MODEL

• F = T + (1 + Δ)R×G – D = 0

• F = T + RG + Δ G + G - D = 0

• R = Rz (Bz).Ry (By). Rx (Bx)

Such that: 

T ……… ……… Translation vector

R ……… ……… Rotation matrix 

Δ ……… ……… Scale factor

Rx (Bx) =
1 0 0
0 𝑐𝑜𝑠 𝐵𝑥 𝑠𝑖𝑛 𝐵𝑥

0 − 𝑠𝑖𝑛 𝐵𝑥 𝑐𝑜𝑠 𝐵𝑥

Ry (By) =
𝑐𝑜𝑠 𝐵𝑦 0 − sin 𝐵𝑦

0 1 0
sin 𝐵𝑦 0 𝑐𝑜𝑠 𝐵𝑦

Rz (
Bz) =

𝑐𝑜𝑠 𝐵𝑧 sin 𝐵𝑧 0
− sin 𝐵𝑧 cos 𝐵𝑧 0

0 0 1
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(2) MOLODENSKY–BADEKAS TRANSFORMATION MODEL 
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ZD
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YD
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YG

OD
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P

dy
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Dp

Gop

T dz
Rx

Rz
Ry

O

Go

Initial point



(2) MOLODENSKY–BADEKAS TRANSFORMATION MODEL 

F = T + Go + ΔGop +QGop – Dp = 0,

Where: - 

Gop  =  Gp – Go ……….. Terrestrial position vector differences

Go …………….……….. The position vector of the initial point 

o in the G-system

Gp ……………………… The position vector of the ith point (p) 

from the initial point.

T ……… ……… Translation vector

Q ……… ……… Rotation matrix 

Δ ……… ……… Scale factor
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SOLUTION OF EQUATIONS OF TRANSFORMATION 
MODELS

G
e
o
d

e
sy

 2
 -

D
r. E

n
g
. R

e
d

a
 F

e
k

ry

16



WHAT IS THE NUMBER OF UNKNOWNS?

How to transform the positional coordinates of point P from [𝑿𝑫, 𝒀𝑫, 𝒁𝑫] , to Geodetic 

coordinate system  [𝑿𝑮 , 𝒀𝑮 , 𝒁𝑮]? 

 The coordinates of point P in the [𝑋𝐺 , 𝑌𝐺 , 𝑍𝐺] system should be:  Rotated in 3D, Translated 

in 3D, and scaled. 

 There are 7 unknowns (3 rotations, 3 translations, and scale factor). 

Then, a minimum of 3 common points are required
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CALCULATION OF TRANSFORMATION PARAMETERS 

Number of common points: 3 

Number of equations: 3 × 3 = 9

Number of unknowns: 7 

Then, redundancy is 2 (degree of freedom)

Least squares solution is a must.

G
e
o
d

e
sy

 2
 -

D
r. E

n
g
. R

e
d

a
 F

e
k

ry

18

1 0 0 
0 1 0 
0 0 1 

−1 0 0
0 − 1 0
0 0 − 1

𝑉𝑋𝐺 
𝑉𝑌𝐺

𝑉𝑍𝐺

𝑉𝑋𝐷

𝑉𝑌𝐷

𝑉𝑍𝐷

 + 
1 0 0 𝑋𝐺 𝑌𝐺 −𝑍𝐺 0
0 1 0 𝑌𝐺 −𝑋𝐺 0 𝑍𝐺

0 0 1 𝑍𝐺 0 𝑋𝐺 −𝑌𝐺

𝑑𝑋

𝑑𝑌

𝑑𝑍

Δ
𝐵𝑍

𝐵𝑌

𝐵𝑋

 + 
𝑋𝐺 − 𝑋𝐷
𝑌𝐺 − 𝑌𝐷
𝑍𝐺 − 𝑍𝐷

= 0
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CALCULATION OF TRANSFORMATION PARAMETERS 

The solution of this system is given by:

𝑿 = −(𝑨𝑻𝑴−𝟏𝑨)−𝟏 (𝑨𝑻𝑴−𝟏𝑾)

𝑽 = −𝑷−𝟏𝑩𝑻𝑴−𝟏 
(𝑨𝑿 + 𝑾)

𝑴 = 𝑩 𝑷−𝟏 BT

𝜎2 =
(𝑽𝑻𝑷𝑽)

𝐷𝐹
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1 0 0 
0 1 0 
0 0 1 

−1 0 0
0 − 1 0
0 0 − 1

𝑉𝑋𝐺 
𝑉𝑌𝐺

𝑉𝑍𝐺

𝑉𝑋𝐷

𝑉𝑌𝐷

𝑉𝑍𝐷

 + 
1 0 0 𝑋𝐺 𝑌𝐺 −𝑍𝐺 0
0 1 0 𝑌𝐺 −𝑋𝐺 0 𝑍𝐺

0 0 1 𝑍𝐺 0 𝑋𝐺 −𝑌𝐺

𝑑𝑋

𝑑𝑌

𝑑𝑍

Δ
𝐵𝑍

𝐵𝑌

𝐵𝑋

 + 
𝑋𝐺 − 𝑋𝐷
𝑌𝐺 − 𝑌𝐷
𝑍𝐺 − 𝑍𝐷

= 0
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TAKE HOME ASSIGNMENT 2
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TAKE HOME ASSIGNMENT 2
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 Given 5 common points between a pair of geodetic datums, compute the seven transformation parameters 

using Bursa and Molodeniski-Badekas models.  

 Each student is required to: 

1. Choose only 3 common points for calculation. 

2. Write down his own code to perform transformation.

3. Submit a detailed report including code, selected points (a plot is a must), results, and analysis. 

Point ID
World (WGS84) National (Helmert1906)

φ° λ° h (m) φ° λ° h (m)

P1 29.4251 32.3412 858 29.42508785 32.34117889 858.252

P2 23.2354 34.1325 654 23.23538725 34.13247889 654.401

P3 24.0056 25.5214 742 24.00558731 25.52137889 742.382

P4 30.8941 26.4812 588 30.89408801 26.48117889 588.217

P5 25.0247 29.0582 136 25.02468740 29.05817889 136.357



TAKE HOME ASSIGNMENT 2 - SUBMISSION GUIDELINES 

G
e
o
d

e
sy

 2
 -

D
r. E

n
g
. R

e
d

a
 F

e
k

ry

22

 Each student is required to: -  

a) Write down his own code to perform datum transformation.

b) Generate a 2D scatter plot using the station coordinates. 

c) Submit a detailed report including code, results, and analysis.

d) A report should start with a title page indicating student Name, Number, Section No, etc., 

e) Deadline: The reports should be delivered to your tutor on or before Tuesday 26th March 

2024.  

The report must reflect the understanding of each student to the tutorial and copied 

versions will be deprecated. What you have learned in this assignment may be re-

assessed in the final exam. 



DATUM SHIFT
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DATUM SHIFT
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• The rectangular coordinates X, Y, Z can be obtained from the geodetic coordinates φ, λ 

, h for a point outside the ellipsoid:

 

𝑋 = 𝑁 + ℎ cos 𝜑 cos 𝜆

𝑌 = 𝑁 + ℎ cos 𝜑 sin 𝜆

𝑍 = 𝑁 1 − 𝑒2 + ℎ sin 𝜑

• It is assumed that the center of this ellipsoid coincides with the earth center 

of gravity, that is, geocentric datum. 

• Suppose that we define the same dimensions (semi-major axis a, and the flattening f ) 

for another reference ellipsoid, its center does not coincide with the earth’s center of 

gravity, but that the axis of the ellipsoid is parallel to the earth’s axis of rotation.



DATUM SHIFT
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 Geodetic Datum



DATUM SHIFT
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o Let the coordinates of this center w.r.t the XYZ system are Xo, Yo, Zo. Then, 

 

𝑋 = 𝑋𝑜 + 𝑁 + ℎ cos 𝜑 cos 𝜆

𝑌 = 𝑌𝑜 + 𝑁 + ℎ cos 𝜑 sin 𝜆

𝑍 = 𝑍𝑜 + 𝑁
𝑏2

𝑎2 + ℎ sin 𝜑

,

Where the principal radius of curvature in the prime vertical is known from the ellipsoid geometry:

 𝑁 = 𝑎 1 − 𝑒2 𝑠𝑖𝑛2 𝜑 −0.5 = 𝑎 1 − 𝑓 2 − 𝑓 𝑠𝑖𝑛2 𝜑 −0.5

• Also, the following approximation will be used letter in the differential formulas

N = a(1+ f sin  + ... ), and

N (1−e ) = N (1−2f +f ) = a(1−2f +f sin  + )

which leads to

N  (1−e )N = a
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If we vary the geodetic coordinates by small amount  ,  , and  h, and if we also alter the geodetic datum, 

reference ellipsoid, by a , f , and its position by small translation, parallel displacement, xo ,  yo , and zo . 

Then the rectangular coordinates X, Y, Z change by: 

𝛿𝑋
𝛿𝑌
𝛿𝑍

=
𝛿𝑋𝑜

𝛿𝑌𝑜
𝛿𝑍𝑜

+

ൗ𝛿𝑋
𝛿𝜑 ൗ𝛿𝑋

𝛿𝜆 ൗ𝛿𝑋
𝛿ℎ

ൗ𝛿𝑌
𝛿𝜑 ൗ𝛿𝑌

𝛿𝜆 ൗ𝛿𝑌
𝛿ℎ

ൗ𝛿𝑍
𝛿𝜑 ൗ𝛿𝑍

𝛿𝜆 ൗ𝛿𝑍
𝛿ℎ

.
𝛿𝜑
𝛿𝜆
𝛿ℎ

+

ൗ𝛿𝑋
𝛿𝑎 ൗ𝛿𝑋

𝛿𝑓

ൗ𝛿𝑌
𝛿𝑎 ൗ𝛿𝑌

𝛿𝑓

ൗ𝛿𝑍
𝛿𝑎 ൗ𝛿𝑍

𝛿𝑓

𝛿𝑋 =  𝛿𝑋𝑜 + 𝑅1 ×  𝛿𝐶 + 𝑅2 × 𝛿𝐸
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Considering that the position of the point in space remains unchanged, then  X = 0, the change of the geodetic 

coordinates  ,  , h can also be represented as a function of the variation in the geodetic datum (a, f, x 0 , y 0 , z 0) 

as follows:

𝑅−1𝛿𝑋𝑜 =  𝑅1
−1𝑅1𝛿𝐶 − 𝑅1

−1 𝑅2 × 𝛿𝐸

Then, 

𝛿𝐶 = − 𝑅1
−1 𝛿𝑋𝑜 −  𝑅1

−1 𝑅2 𝛿𝐸

𝛿𝜑
𝛿𝜆
𝛿ℎ

=

sin 𝜑 cos 𝜆

𝑎

sin 𝜑 sin 𝜑

𝑎

− cos 𝜑

𝑎
sin 𝜆

𝑎 cos 𝜑

− cos 𝜆

𝑎 cos 𝜑
0

− cos 𝜑 cos 𝜆 − cos 𝜑 sin 𝜆 − sin 𝜑

.
𝛿𝑋𝑜
𝛿𝑌𝑜
𝛿𝑍𝑜

+
0 2 cos 𝜑𝑠𝑖𝑛𝜑
0 0

−1 𝑎𝑠𝑖𝑛2𝜑
.

𝛿𝑎
𝛿𝑓
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It is also possible to represent the change 𝛿𝜑, 𝛿𝜆, 𝛿ℎ of the geodetic coordinates 𝜑, 𝜆, ℎ as a function of the 

variation 𝛿𝜑1, 𝛿𝜆1, 𝛿ℎ1 at the initial point 𝜑1, 𝜆1, ℎ1 instead of 𝛿𝑋𝑜, 𝛿𝑌𝑜, 𝛿𝑍𝑜. 

The translation vector 𝛿𝑋𝑜 can be given in terms of the given 𝛿𝜑1, 𝛿𝜆1, 𝛿ℎ1 at the initial point  using 

equation (7-19) and setting: 

𝛿𝑋 = 0, 𝛿𝐶 =  𝛿𝐶1, 𝑅1 = 𝑅1𝑖, 𝑅2 = 𝑅2𝑖, 

And after rearrange it will take the form

𝛿𝑋𝑜 = −𝑅1𝑖 .  
𝛿𝐶𝑖 − 𝑅2𝑖.  𝛿𝐸 

Now inserting equation (7-22) in (7-21), we get: 

𝛿𝐶 =  𝑅1
−1 𝑅1𝑖 𝛿𝐶𝑖 + 𝑅1

−1𝑅2𝑖 −  𝑅1
−1𝑅2 𝛿𝐸
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Where, 

𝑅1
−1𝑅1𝑖 =

cos 𝜑 cos 𝜑𝑖 + sin 𝜑 sin 𝜑𝑖 cos(𝜆 −  𝜆𝑖) − sin 𝜑 sin(𝜆 − 𝜆𝑖)
−[sin 𝜑 cos 𝜑𝑖 cos 𝜆 − 𝜆𝑖 + sin 𝜑𝑖 cos 𝜑]

𝑎
sin 𝜑𝑖 sin(𝜆 − 𝜆𝑖)

cos 𝜑

cos 𝜑𝑖 cos(𝜆 − 𝜆𝑖)

cos 𝜑

− cos 𝜑𝑖 sin(𝜆 − 𝜆𝑖)

𝑎 cos 𝜑
𝑎(sin 𝜑 cos 𝜑𝑖 − cos 𝜑 sin 𝜑𝑖 cos(𝜆 − 𝜆𝑖) 𝑎[cos 𝜑 sin(𝜆 − 𝜆𝑖)] sin 𝜑 sin 𝜑𝑖 + cos 𝜑 cos 𝜑𝑖 cos(𝜆 − 𝜆𝑖)

 

And 

𝑅1
−1 𝑅2𝑖 −  

𝑅1
−1 𝑅2 =  

cos 𝜑 sin 𝜑𝑖 − sin 𝜑 cos 𝜑𝑖 cos(𝜆 − 𝜆𝑖) −𝑎 sin 𝜑 cos 𝜑𝑖 𝑠𝑖𝑛2𝜑𝑖 cos 𝜆 − 𝜆𝑖 + cos 𝜑𝑠𝑖𝑛2𝜑𝑖 − 2 cos 𝜑 cos 𝜑𝑖

− cos 𝜑𝑖 sin(𝜆 − 𝜆𝑖) −𝑎 cos 𝜑𝑖 𝑠𝑖𝑛2𝜑𝑖 sin(𝜆 − 𝜆𝑖)

sin 𝜑 sin 𝜑𝑖 + cos 𝜑 cos 𝜑𝑖 cos(𝜆 − 𝜆𝑖) 𝑎 [cos 𝜑 cos 𝜑𝑖 𝑠𝑖𝑛3𝜑𝑖 + sin 𝜑 𝑠𝑖𝑛3𝜑𝑖 − 2 sin 𝜑 sin 𝜑𝑖]
𝛿𝑋 =  𝛿𝑋𝑜 + 𝑅1 𝛿𝐶 + 𝑅2 𝛿𝐸

But 𝛿𝑋 = 0 then, 
𝛿𝑋𝑜 = −𝑅1 𝛿𝐶 − 𝑅2 𝛿𝐸

𝑅1
−1 𝛿𝑋𝑜 =  𝑅1

−1 𝑅1 𝛿𝐶 −  𝑅1
−1 𝑅2 𝛿𝐸

𝛿𝐶 =  𝑅1
−1 𝛿𝑋𝑜 −  𝑅1

−1𝑅2 𝛿𝐸
𝛿𝐶 =  𝑅1

−1 (−𝑅1𝑖 𝛿𝐶𝑖 − 𝑅2𝑖 
𝛿𝐸) −  𝑅1

−1𝑅2 𝛿𝐸
𝛿𝐶 =  𝑅1

−1 𝑅1𝑖 
𝛿𝐶𝑖 −  (𝑅1

−1𝑅2𝑖 − 𝑅1
−1𝑅2)𝛿𝐸



DATUM SHIFT
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The final form of this equation expresses the variations 𝛿𝜑, 𝛿𝜆, 𝛿ℎ , at an arbitrary point in terms of 

the variations 𝛿𝜑𝑖, 𝛿𝜆𝑖, 𝛿ℎ𝑖 at the initial point, and also the changes 𝛿𝑎 and 𝛿𝑓 of the parameters of 

the ellipsoid. Equation (7-23) can be expressed in terms of the variations of the deflection 

components 𝜉, 𝜂, and the geoid undulation N by substituting 𝛿𝜑, 𝛿𝜆, 𝛿ℎ , by − 𝛿𝜉, −𝛿𝜂 and 𝛿𝑁 as 

follows: 

𝛿𝜑 = −𝛿𝜉

𝛿𝜆 cos 𝜑 = −𝛿𝜂

𝛿ℎ = −𝛿𝑁

This is true because the astronomical coordinates are not affected by a datum shift and remain 

unchanged. These formulas for the effect of a shift of the geodetic datum are the well-known Vening 

Meinesz transformation formula.



SIGNIFICANCE OF DATUM TRANSFORMATION 
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(1) UNIFICATION OF TRADITIONAL AND MODERN GEODETIC NETWRKS
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First order geodetic control networks of Egypt

Traditional

HARN geodetic control networks of Egypt

GNSS



TRANSFORMATION PARAMETERS BETWEEN WGS84 AND HELMERT 1906 IN EGYPT
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 Used by Shell. A single transformation using 

position vector 7-parameter geocentric 

transformation method with parameter values: - 

• tX = -121.8 m 

• tY = +98.1 m 

• tZ = -10.7 m 

• rX = rY = 0 sec

• rZ = +0.554 sec 

• dS = +0.2263 ppm.



TRANSFORMATION PARAMETERS BETWEEN WGS84 AND HELMERT 1906 IN EGYPT
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 A single transformation using position vector 3-parameter (Molodensky) geocentric 

transformation method with parameter values: - 

• tX = 130 m 

• tY = -110 m 

• tZ = 13 m 



END OF PRESENTATION

THANK YOU FOR ATTENTION! 
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